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Abstract

We develop data-dependent and algorithm-dependent generalization bounds for transduc-
tive learning algorithms based on information theory. We first show that the generaliza-
tion gap of transductive learning algorithms can be controlled by the mutual information
between training labels and the hypothesis. By introducing the concept of transductive su-
persamples, we go beyond inductive learning setting and establish upper bounds in terms
of various information measures. Furthermore, we derive novel PAC-Bayesian bounds and
build connection between generalization and loss landscape flatness under the setting of
transductive learning. Finally, we present the upper bounds for adaptive optimization algo-
rithms, and demonstrate the applications of results on semi-supervised learning and graph
learning. Our theoretic results are validated on both synthetic and real-world datasets.
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1 Introduction

In standard supervised learning paradigm (Shai and Shai, 2014; Mohri et al., 2018), we re-
ceive a set of instances composed of features and targets, which are assumed to be sampled
independently from an unknown distribution. Our task is to build a learner (or model) by
specific optimization algorithm that maps features to corresponding targets based on the
received finite instances. A modern practice of this learning paradigm is to train a deep
neural network for image classification task (Krizhevsky et al., 2012) by SGD. General-
ization ability, referring to the prediction performance of a learner on unseen examples, is
one of the key quantities we are concerned about. The past decades have witnessed efforts
of exploring theory to characterize and understand the generalization ability of machine
learning models. In the category of classical learning theory, generalization ability is con-
nected to the complexity of hypothesis space (Koltchinskii and Panchenko, 2000; Bartlett
and Mendelson, 2002; Bartlett et al., 2005), the stability of algorithm (Bousquet and Elisse-
eff, 2002; Shalev-Shwartz et al., 2010) or the divergence between two probability measure on
hypothesis space (Shawe-Taylor and Williamson, 1997; McAllester, 1999). Recently, mutual
information and its variants are shown to serve as an ideal metric for generalization ability,
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since they reflect both the impact of datasets and algorithms on generalization. Research of
this viewpoint originates from work (Russo and Zou, 2016, 2020; Xu and Raginsky, 2017),
and is further developed by subsequent studies (Negrea et al., 2019; Haghifam et al., 2020;
Steinke and Zakynthinou, 2020; Harutyunyan et al., 2021; Haghifam et al., 2021; Sefidgaran
et al., 2022; Wang and Mao, 2023a). Despite the diverse forms of these results, they possess
a common key insight: the less information on training data (or its selection) a hypothesis
(or the variables it induced) reveals, the better generalization it will have.

The aforementioned supervised learning paradigm are far not enough to cover all ma-
chine learning scenarios. Data collected from real-world scenarios could come from various
domains, and some examples could lack of targets due to the expensive cost of annotations.
This raises the need of exploring new theory to measure the generalization, where the key
challenge is relaxing the identical and independent assumptions of instances. In this paper
we move towards this direction by analyzing a classical but important regime termed as
transductive learning (Vapnik, 1982). In this learning paradigm, we are provided with a
fixed set of instances containing both labeled examples and unlabeled examples, and our
task is to build a learner that make prediction for those unlabeled ones. Notably, the ex-
amples (except their targets) to be predicted are used by the learner during training. As
a comparison, the standard supervised learning paradigm mentioned earlier belongs to the
category of inductive learning, since the examples to be predicted are not available to the
learner. Practices of transductive learning paradigm are semi-supervised learning (Shahsha-
hani and Landgrebe, 1994; Blum and Mitchell, 1998; Joachims, 1999; Zhu et al., 2003) and
transductive graph learning (Gori et al., 2005; Scarselli et al., 2009; Gilmer et al., 2017;
Kipf and Welling, 2017), along with their applications on other real-world scenarios.

The research topic of this paper is the generalization ability of transductice learning
algorithms. Existing results for transductive generalization bound generally fall into three
categories: complexity-based bounds derived by VC dimension (Cortes and Mohri, 2006)
or transductive Rademacher complexity (El-Yaniv and Pechyony, 2007; Tolstikhin et al.,
2015), stability-based bounds (El-Yaniv and Pechyony, 2006; Cortes et al., 2008) and PAC-
Bayesian bounds (Derbeko et al., 2004; Bégin et al., 2014). These findings are sufficient
to provide learning guarantee for classical learner or algorithms such as transductive sup-
port vector machine and unlabeled-labeled representation. However, they are not sufficient
to explain the generalization behaviors of all transducitve models, particularly deep trans-
ductive models. The reasons are three folds. First, it has been shown by (Esser et al.,
2021) that VC dimension results in trivial generalization error bounds of graph neural net-
works (GNNs), and transductive Rademacher complexity is algorithm-independent and fail
to characterize the impact of optimization algorithms on generalization (Tang and Liu,
2023). Second, stability-based bounds depend on Lipschitz and smoothness constant (Cong
et al., 2021), which is difficulty to compute or estimate for deep models (Neu et al., 2021).
Third, existing transductive PAC-Bayesian bounds are of slow order and not sufficient to
provide non-vacuous bounds. Furthermore, it is unclear to what extent they reflect the
impact of optimization algorithms. In a nutshell, effort to establish data-dependent and
algorithm-dependent generalization bounds for transductive learning is limited.

In this paper, we comprehensively study the generalization theory of transductive learn-
ing in the context of information theory. First, we derive upper bounds of transductive
generalization gap in expectation and high probability. These results reveal that the de-
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pendence of output hypothesis on the randomness of training labels serve as a measure to
quantify the generalization performance of tranductive learner. Second, we propose the con-
cept of transductive supersamples and establish upper bounds based on various information
measure. These bounds are non-vacuous and convenient in estimation. Third, by observ-
ing the connection between information theory and PAC-Bayesian theory, we give novel
transductive PAC-Bayesian bounds that has weaker assumption and faster rate. With this
result, we further show that the flatness of loss landscape affects generalization still holds in
transductive learning setting, which is supported by the empirical evidence in recent study
(Chen et al., 2023). Forth, we apply these results to analyze adaptive optimization algo-
rithms and derive the corresponding upper bounds. Fifth, we illustrate the applications of
the theoretic results on semi-supervised learning and transductive graph learning scenarios.
The main contributions of this work are summarized as follows.

• For the first time, we systematically establish information-theoretic generalization
bounds for transductive learning and reveal their connection with PAC-Bayesian
bounds, which provide new perspective to understanding the generalization of trans-
ductive learning.

• We propose the concept of transductive supersamples and use it to bridge the gap
between supersample setting in inductive learning and transductive learning setting.
This also help us obtain the first non-vacuous bound for deep transductive learner.

• We demonstrate the application of our theoretic results on semi-supervised learning
and transductive graph learning and verify them by experiments on both synthetic
and real-world datasets.

In the remainder of this paper, we begin with an overview of the literature related to
our work in Section 2. After that, we introduce major notations and important concepts in
Section 3. The main theoretic results are presented in Section 4, and their applications are
given in Section 5. The setting and results of experiments are provided in Section 6. All
the proofs are placed in the Appendix.

2 Related Work

Information-theoretic Generalization Theory. (Russo and Zou, 2016, 2020; Xu and
Raginsky, 2017) are the pioneering work that associates expected generalization error with
the mutual information between training examples and algorithm output. The subsequent
studies mainly fall into four categories: (i) deriving sharper upper bounds by introducing
new information measure (Harutyunyan et al., 2021; Hellström and Durisi, 2022; Wang and
Mao, 2023a), problem setting (Steinke and Zakynthinou, 2020; Rammal et al., 2022; Haghi-
fam et al., 2022) or proof techniques (Asadi et al., 2018; Bu et al., 2020; Hafez-Kolahi et al.,
2020a; Gálvez et al., 2021; Zhou et al., 2022; Clerico et al., 2022), (ii) establishing bounds
described by various divergences (Lopez and Jog, 2018; Wang et al., 2019a; Esposito et al.,
2021; Aminian et al., 2021a,b) (iii) applying existing results to establish upper bounds for
optimization algorithms such as SGD (Neu et al., 2021; Wang and Mao, 2022) or SDLD
(Pensia et al., 2018; Negrea et al., 2019; Wang et al., 2021), and (iv) extending the theoret-
ical results to diverse scenarios such as meta-learning (Jose and Simeone, 2021a; Rezazadeh
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et al., 2021; Chen et al., 2021; Jose et al., 2022), transfer learning (Wu et al., 2020; Jose and
Simeone, 2021b; Masiha et al., 2021; Bu et al., 2022), semi-supervised learning (Aminian
et al., 2022; He et al., 2022), self-supervised learning (Yuan et al., 2022) and domain adap-
tion (Wang and Mao, 2023b). However, the training and test examples are independent
in existing studies, which makes them not applicable on transductive learning. Another
related topic is information bottleneck theory (Tishby et al., 2000) and its applications to
explaining the representation (Tishby and Zaslavsky, 2015; Shwartz-Ziv and Tishby, 2017)
and generalization (Hafez-Kolahi et al., 2020b; Wang et al., 2022; Kawaguchi et al., 2023)
of deep neural networks, which are parallel to our work. Interested readers are referred to
a recent monograph (Hellström et al., 2023) for more illustrations.

PAC-Bayesian Generalization Theory. The classical results in PAC-Bayesian gener-
alization theory include McAllester’s bound (McAllester, 1999), Seeger’s bound (Seeger,
2002), Catoni’s bound (Catoni, 2007) and Maurer’s bound (Maurer, 2004). Based on these,
there have been numerous studies that applying or extending these results to the analysis of
deep neural networks, including computing non-vacuous bounds for deep neural networks
(Dziugaite and Roy, 2017; Zhou et al., 2019; Pérez-Ortiz et al., 2021; Lotfi et al., 2022) and
establishing upper bounds for optimization algorithms (London, 2017; Neyshabur et al.,
2018; Rivasplata et al., 2018; Arora et al., 2018; Mou et al., 2018; Yang et al., 2019; Li
et al., 2020; Luo et al., 2022) or specific neural networks (Liao et al., 2021; Mbacke et al.,
2023). We refer interested readers to a comprehensive survey (Alquier, 2021) for more detail
on this topic. All the above results are derived under the inductive learning setting and
could not be applied on transductive learning setting.

Transductive Learning Generalization Theory. The concept of transductive learning
and the earliest bounds are presented in (Vapnik, 1982). The authors in (El-Yaniv and
Pechyony, 2006) study the stability of transductive learning algorithms. They further pro-
pose another tool named transductive Rademacher Complexity (El-Yaniv and Pechyony,
2007) as a complexity measure of hypothesis space under transductive setting. Permuta-
tional Rademacher Complexity is latter introduced in (Tolstikhin et al., 2015), which is
shown to be more suitable for transductive learning setting than transductive Rademacher
Complexity. By considering the variance of functions, the authors in (Tolstikhin et al.,
2014) establish new concentration inequalities and derive sharper bounds. Different from
them, we establish upper bounds based on information theory. (Derbeko et al., 2004) is
the first work to analyze the generalization of transductive learning in the context of PAC-
Bayesian, and their results are improved latter in (Bégin et al., 2014). We further improve
their result and apply it to reveal the impact of loss landscape flatness on generalization.
Furthermore, the above theoretic results have been applied on the theoretical analysis in
transductive graph learning (Shivanna and Bhattacharyya, 2014; Shivanna et al., 2015;
De et al., 2018; Oono and Suzuki, 2020; Esser et al., 2021; Cong et al., 2021; Tang and
Liu, 2023), semi-supervised learning (Maximov et al., 2018; Gong et al., 2018; Xu et al.,
2023), matrix completion (Giménez-Febrer et al., 2020; Shamir and Shalev-Shwartz, 2014),
distributed optimization (Shamir, 2016) and collaborative filtering (Xu et al., 2021; Deng
et al., 2022), among other areas. We select semi-supervised learning and transductive graph
learning as illustrated examples of our theoretic results, and leave the task of extension to
other areas for future work.
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3 Preliminaries

3.1 Notations

We stipulate that random variables and their realizations are denoted by uppercase and
lowercase letters, respectively. For given random variable X, we denote its distribution
measure by PX . Similarly, the conditional distribution measure of X given Y is given by
PX|Y . We use DKL(P ||Q) to denote the Kullback–Leibler (KL) divergence between two
probability measure P and Q on the same probability space, under the condition that the
Radon-Nikodym derivative of P with respect to Q is well defined. With this notation, the
mutual information between X and Y is defined as I(X;Y ) ≜ DKL(PX,Y ||PXPY ). Fur-
thermore, we use Iz(X;Y ) ≜ DKL(PX,Y |Z=z||PX|Z=zPY |Z=z) to represent the disintegrated
mutual information, whose expectation taking over Z ∼ PZ is the conditional mutual infor-
mation I(X;Y |Z) = EZ [I

Z(X;Y )]. Besides, we use {·} and (·) to denote set and sequence,
respective. Notice that sets are unordered yet sequences are ordered. Therefore, two se-
quence are equal if and only if the element at each position are equal. For concise, we use
[m] to represent the set {1, 2, . . . , n}. The Hadamard Product and Kronecker Product are
denoted by ⊙ and ⊗, respectively.

3.2 Transductive Learning

Let D = {z1, . . . , zn} be a given set with finite cardinality, where z = (x, y) is an instance
composed of attribute x ∈ X and target y ∈ Y from Z ≜ X × Y. We use Perm(D) to
denote the set containing all bijections π : D → D. Here each mapping π ∈ Perm(D)
could be regarded as a permutation on D. Notice that sampling without replacement
from D is equivalent to firstly sampling a permutation from Perm(D) with equal proba-
bility and then applying it on D. Denote by Π a random variable follows uniform distri-
bution over Perm(D), namely P{Π = π} = 1

n! holds for any π ∈ Perm(D). With this

notation, we use Z ≜ (Z1, . . . , Zn) to denote the random permutation vector induced
by Π, where Zj = Π(zj) represents the j-th element of the sequence after permutation.
For example, the permutation vector Z = (z2, z3, z1) is induced by the mapping Π with
Π(z1) = z2, Π(z2) = z3 and Π(z3) = z1. For determined Z, the training set is defined
as Dtrain ≜ {Z1, . . . , Zm, Xm+1, . . . , Xm+u}, where X is the feature of Z. m and u are
the number of training and test instances, respectively. Notice that there is a hidden fact
that m,u ∈ N+ and m + u = n. Let W be the space of parameter, the transductive
learning algorithm takes Dtrain as input and outputs a random element W ∈ W as the
hypothesis, which is characterized by a Markov kernel PW |Z . Let ℓ : W × Z → R≥0 be
the objective function, the transductive training and test error of a hypothesis W are de-
fined as Rm(W,Z) ≜ 1

m

∑m
i=1 ℓ(W,Zi) and Ru(W,Z) = 1

u

∑m+u
i=m+1 ℓ(W,Zi), respectively.

The transductive generalization error is then defined as E(W,Z) ≜ Ru(W,Z)−Rm(W,Z).
Furthermore, we use EW,Z [E(W,Z)] to denote the expectation of E(W,Z) taking over
PW,Z = PZ ⊗ PW |Z , which represents the the average performance difference of the hy-
pothesis W between testing and training instances over all permutations Z. The objective
ℓ(w, z) can also be represented as r(fw(x), y), where fw(x) is the prediction of the model
with parameter w on x, and r : Ŷ × Y → R≥0 is the criterion. For example, we have
r(ŷ, y) = 1ŷ ̸=y when the criterion is zero-one loss, where 1 is the indicator function.
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4 Theoretic Results

4.1 Establishing Upper Bounds by Mutual Information

Different from supervised learning, the randomness of training and testing examples in
transductive learning come from the partition determined by permutation rather than from
sampling. This also brings another challenge, namely the dependence of training and test-
ing examples, since the testing examples are uniquely determined once training examples
are chosen. The most widely adopt technique to tackle the dependence is the martingales
method, which enables us to derive similar “sub-Gaussian” property for the transductive
generalization error. Together with the Donsker-Varadhan’s variational formula, we estab-
lish the following transductive generalization bounds.

Theorem 1 Suppose that ℓ(w, z) ∈ [0, B] holds for any w ∈ W and z ∈ D, where B > 0

is a constant. Define Cm,u ≜ 2B2(m+u)max(m,u)
(m+u−1/2)(2max(m,u)−1) , we have

|EW,Z [Ru(W,Z)−Rm(W,Z)]| ≤

√
Cm,u

2

(
1

m
+

1

u

)
I(W ;Z), (1)

EW,Z

[
(Ru(W,Z)−Rm(W,Z))2

]
≤ Cm,u

(
1

m
+

1

u

)
(I(W ;Z) + log 3). (2)

Theorem 1 shows that the expectation of transductive generalization error is upper
bounded by the mutual information between permutation Z and hypothesis W . This result
implies that the less dependence the output hypothesis has on the selection of training la-
bels, the better generalization a transductive learning algorithms will have. One can image
that if the algorithm only “memorize” the partition of training and testing examples (or
heavily depends on the training labels it sees), we could not expect that it will have strong
generalization ability. As a comparison, a similar result (Theorem 1 in (Xu and Raginsky,
2017)) under inductive learning setting says that the generalization error is upper bounded
by the mutual information between training set S and hypothesis W , which could be re-
garded as a special case of our result that u is infinite. In this event, the transductive
training and test error corresponding to the supervised training error and test error, re-
spectively. Also, m is the number of examples in S, and the term 1/u naturally vanishes.
Note that since the test error is computed over infinite examples, there is no dependence
between it and the training error. Furthermore, the assumption of Theorem 1 is slightly
stronger than that in supervised learning setting, where they only requires the loss to be
sub-Gaussian while we require the loss to be bounded. However, we believe that our result
could be extend to the unbounded loss setting under proper assumptions.

The result presented in Theorem 1 is a expectation bound over all possible selection
of training data. In real-world application particularly deep learning scenario, only a few
partitions (determined by random seed) are adopted to verify the quality of a transductive
learning algorithm, and the empirical results show that whose performance could generally
be guaranteed. This urges us to establish the high probability bound in order to better
describe the generalization behavior of deep transductive learners. Achieving this relies on
the monitor technique proposed in (Bassily et al., 2016). Another derivant is the expec-
tation bound on the absolute value of transductive generalization error, which serves as a
supplement of Theorem 1. The aforementioned results are summarized in Theorem 2.
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Theorem 2 Suppose that ℓ(w, z) ∈ [0, B] holds for any w ∈ W and z ∈ D, where B > 0
is a constant. With probability at least 1− δ over the randomness of Z and W :

|Ru(W,Z)−Rm(W,Z)| ≤

√
2Cm,u

(
1

m
+

1

u

)(
log

(
1

δ

)
+

I(W ;Z)

δ

)
, (3)

where Cm,u follows the definition in Theorem 1. Furthermore, we have

E |Ru(W,Z)−Rm(W,Z)| ≤

√
Cm,u

2

(
1

m
+

1

u

)
(I(W ;Z) + log 2). (4)

Since Cm,u ≈ B2 when m + u is large, the high probability bound presented in Eq. 3

is of order (1/m + 1/u)
1
2 . Despite a degenerated constant factor from log(1/δ) to 1/δ,

our bound is sharper than previous result (Oono and Suzuki, 2020; Esser et al., 2021).
Although the mutual information term I(Z;W ) could not be easily computed, we will show
in SubSection 4.4 that it has a unique advantage when the learner is optimized by stochastic
algorithms such as stochastic gradient descent and its variants. Besides, result similar to
Eq. (4) can be derived from Eq. (2), despite that the constant factor is slightly larger.

4.2 Establishing Upper Bounds by Conditional Mutual Information

So far, all the bounds we have established contain the mutual information term I(W ;Z),
either in expectation or high probability. One unsatisfied property of mutual information
is that it does not have a finite upper bound, which may lead to vacuous bounds under
some circumstances. Fortunately, this issue could be addressed by adopting “supersamples”
setting proposed in (Steinke and Zakynthinou, 2020) under supervised learning setting.
The key insight is that introducing another random variable to control the randomness
of training and test examples partition, which is independent of the instances. However,
directly applying this technique on transductive learning setting is not feasible. The reason
is that the training and test examples given returned by this setting are independent, which
are yet dependent in transductive learning setting. To bridge this gap, we propose the
following transductive supersamples under a specific condition that the number of training
examples is equal to that of test examples, namely m = u.

Definition 3 (Transductive Supersamples) Let D = {zi}ni=1 be a given set where n is

a finite even number. Denote by m = 1
2n, the transductive supersamples is a sequence Z̃ ≜

(Z̃1, . . . , Z̃m) generated by sampling without replacement from D, where Z̃i ≜
{
Z̃i,0, Z̃i,1

}
for i ∈ [m] is an unordered set with cardinality 2.

Definition 3 shows that transductive supersamples are obtained by continuously sam-
pling an unorderd instance pairs from a fixed set until there are no remained instances.
Please refer to Appendix E for an illustrated example of this definition. As a comparison,
transductive samples Z is obtained by each time sampling an instance from D. A deeper
relationship between Z and Z̃ is given by the following Proposition.
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Proposition 4 Denote by Z̃ the set containing all Z̃. Let U ≜ (U1, . . . , Um) ∼ Unif({0, 1})m
be the sequence of random variables that is independent of Z̃. Sampling without replacement
from D is equivalent to firstly sampling Z̃ from Z̃ and applying U to permute Z̃.

Proposition 4 implies that there is another way to obtain the random permutation
vector Z based on transductive supersamples. Let Z̃ and U be the random variables de-
scribed in Proposition 4, the random permutation vector Z can be expressed by Z =
(Z̃1,U1 , . . . , Z̃m,Um , Z̃1,1−U1 , . . . , Z̃m,1−Um). Let E(W, Z̃, U) be the transductive generaliza-
tion error under supersampling setting defined by

E(W, Z̃, U) ≜
1

m

m∑
i=1

ℓ(W, Z̃i,Ui)− ℓ(W, Z̃i,1−Ui), (5)

we have E
W,Z̃,U

[E(W, Z̃, U)] = EW,Z [E(W,Z)]. This enables us to characterize the general-
ization bounds using conditional mutual information, as presented in Theorem 5.

Theorem 5 Suppose that ℓ(w, z) ∈ [0, B] holds for any w ∈ W and z ∈ D, where B > 0
is a constant. We have

|EZ,W [Ru(W,Z)−Rm(W,Z)]| ≤ E
Z̃

√
2B2

m
IZ̃(W ;U), (6)

ES,W

[
(Ru(W,Z)−Rm(W,Z))2

]
≤ 4B2

m
(I(W ;U |Z̃) + log 3). (7)

By (Steinke and Zakynthinou, 2020), we have I(W ;U |Z̃) ≤ I(W ;U) ≤ m log 2 holds,
suggesting that the conditional mutual information has a finite upper bound and thus
provides a non-vacuous generalization bound. Eq. (6) is consistent with the results in
supervised learning setting (Steinke and Zakynthinou, 2020) in formulation, and the only
difference is that Z̃ should be interpreted as the transductive supersamples. Also, we can
recover the result in supervised learning (Theorem 1.2 in (Steinke and Zakynthinou, 2020))
whereas the full sample set D has a infinite cardinality. In this event, D is exactly the space
containing all instances, and the entries in the sequence Z̃ are independent to each other.

Although the mutual information term I(W ;U |Z̃) in Theorem 5 is bounded, computing
its numerical value is still difficult, as W is commonly a high-dimensional random vari-
able in deep learning scenarios. Thanks to the transductive supersampling setting, various
information-theoretical measures (Harutyunyan et al., 2021; Hellström and Durisi, 2022;
Wang and Mao, 2023a) adopted in supervised learning setting can be extended to trans-
ductive learning setting, as shown in the following Corollary.

Corollary 6 Suppose that r(ŷ, y) ∈ [0, B] holds for any ŷ ∈ Ŷ and y ∈ Y, where B > 0 is
a constant. Let fw(x) ∈ RK be the prediction given by the learner. Denote by F ∈ Rm×2K

the prediction matrix where the i-th row is given by Fi,: ≜ (fW (X̃i,0), fW (X̃i,1)), where X̃

is the feature of Z̃ = (X̃, Ỹ ). We have

|EZ,W [Ru(W,Z)−Rm(W,Z)]| ≤ B

m

m∑
i=1

E
Z̃

√
2IZ̃(Fi;Ui). (8)
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Denote by L ∈ {0, 1}m×2 the loss value matrix, where the i-th row is Li,: ≜ (ℓ(W, Z̃i,0), ℓ(W, Z̃i,1)).

Let ∆i ≜ ℓ(W, Z̃i,1)− ℓ(W, Z̃i,0) be the difference of loss value. We have

|ES,W [Ru(W,Z)−Rm(W,Z)]| ≤ B

m

m∑
i=1

E
Z̃

√
2IZ̃(Li;Ui), (9)

|ES,W [Ru(W,Z)−Rm(W,Z)]| ≤ B

m

m∑
i=1

E
Z̃

√
2IZ̃(∆i;Ui). (10)

According to the type of conditional mutual information they contained, the bounds
in Eqs. (8,9,10) are termed as f -CMI (Harutyunyan et al., 2021), e-CMI (Hellström and
Durisi, 2022) and Id-CMI bounds (Wang and Mao, 2023a), respectively. The only difference
between these results and previous one is that here Z̃ is the transductive supersamples.
In applications, the prediction of learner is a low-dimension vector and thus reduce the
difficulty of computing the conditional mutual information I(W ;U |Z̃). Note that Li in
Eq. (9) and ∆i in Eq. (10) are two-dimensional and one-dimensional random variable,
yielding more convenient computation and sharper bounds. Here we point out that each
result has its advantage. The vanilla bound in Eq. (6) is more informative to understanding
generalization, and the expense is is difficulty of calculating numerical value. In contrast, the
other bounds in Corollary 6 has computation convenience, yet they are inferior in reflecting
factors that affect generalization. Despite the existence of this trade-off, these results are
sufficient for us to understand the generalization behavior of transductive learner or establish
non-vacuous bounds for them.

We close this part by briefly discuss how to extend the aforementioned results to more
ordinary cases. According to Definition 3, Theorem 5 and Corollary 6 only apply to the
case that m = u. Here we point out that they can be extended to cases that m = ku
or u = km where k ∈ N+. Considering the symmetric, it is sufficient to discuss the case
that u = km. To this end, the transductive supersamples are extended to the following
k-transductive supersamples.

Definition 7 (k-Transductive Supersamples) Let D = {zi}ni=1 be a given set where n
is a finite even number. Let k ∈ [n − 1] be a given integer. Denote by m = n

k+1 ∈ N+, the

k-transductive supersamples is a sequence Z̃ ≜ (Z̃1, . . . , Z̃m) generated by sampling without
replacement from D, where Z̃i ≜ {Z̃i,0, . . . , Z̃i,k} is an unordered set with cardinality k + 1.

Note that Definition 3 is a special case of Definition 7 where k = 1. Similarly we need to
extend the definition of the indicator variable U . Let U ≜ (U1, . . . , Um) ∼ Unif({0, . . . , k})m
be the sequence of random variables that is independent of Z̃m. Let V = (V1, . . . , Vm) ∼
Unif(Perm([k]))m be the sequence of random variables that is independent of Z̃m and U .
For a fixed set S, we use Π(S, V ) to represent the permutation of S induced by random
variable V . Here each entry in V corresponding to a bijection S → S. For example,
Π(Z̃i \ Z̃i,0, V1) denotes the result of drawing a permutation of Z̃i \ Z̃i,0 according to V1,

which is essentially equivalent to sampling without replacement from Z̃i \ Z̃i,0. With this

definition, the permutation vector Z can be expressed by Zn = (Z̃1,U1 , . . . , Z̃m,Um ,Π(Z̃1 \
Z̃1,U1 , V1), . . . ,Π(Z̃m \ Z̃m,Um , Vm)). By this way, results in Theorem 5 and Corollary 6

9
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can be extended to the case that u = km, and we place the details in Appendix E. One
main differences between the case that k = 1 and k > 1 is the increased computation cost
of estimating the conditional mutual information, since each entry of S has more possible
values to take. In other words, with the increase of k, we need to accordingly increase the
samples of S to reduce the estimated error of the conditional mutual information.

4.3 Connection with Transductive PAC-Bayesian Bounds

PAC-Bayesian methods and Information-theoretic methods are closely related, since both
of them are based on Donsker-Varadhan’s variational formulation. Borrowing the proof of
Theorem 1, we obtain the following new transductive PAC-Bayesian bounds.

Theorem 8 Suppose that ℓ(w, z) ∈ [0, B] holds for any w ∈ W and z ∈ D, where B > 0
is a constant. Let P be a prior distribution P on W. With probability at least 1 − δ over
the randomness of Z, for any distribution Q on W we have

|EW∼Q [Ru(W,Z)−Rm(W,Z)]| ≤

√
Cm,u

2

(
1

m
+

1

u

)(
DKL(Q||P ) + log

(
1

δ

))
, (11)

where Cm,u follows the definition in Theorem 1.

Compared with previous transductive PAC-Bayesian bound (Corollary 7(b) in (Bégin
et al., 2014)), the advantages of Theorem 8 are as follows. First, the assumptions of The-
orem 8 is weaker. Previous result only apply to zero-one loss, and the value of m and
n are required to satisfy n ≥ 40 and 20 ≤ m ≤ n − 20. In contrast, our result apply
to any bounded loss and there are no constraints on the value of m and n. Second, our

result is strictly sharper than previous result by removing the term log
(
log(m)

√
mu
m+u

)
.

Furthermore, incorporating the technique in (Neyshabur et al., 2018), the results in (Liao
et al., 2021) could be directly extend to transductive learning setting and thus providing
generalization guarantee for many GNNs on node classification and link prediction task.

One of the most important insights provided by PAC-Bayesian bounds in that the
generalization performance is closely related with the sharpness of the loss landscape, and a
flat minimum is beneficial for generalization (Foret et al., 2021). With the help of Theorem 8,
this result can be extended to transductive learning setting when ℓ is zero-one loss.

Corollary 9 Suppose that Ru(w, Z) ≤ Eϵ∼N (0,σ2I)[Ru(w + ϵ, Z)] holds for any random

permutation vector Z, where w ∈ Rd is the parameter returned by given transductive learning
algorithm and ϵ ∈ Rd is a random Gaussian noise. With probability at least 1− δ over the
randomness of Z,

Ru(w, Z)

≤ max
∥ϵ∥2≤ρ

Rm(w + ϵ, Z)

+

√√√√√Cm,u(m+ u)

(
1 + d

2 log

(
1 +

(1+C̃m,u)
2∥w∥22

ρ2

)
+ log

(
1
6δ

)
+ 2 log

(
4πmu
m+u

))
mu

,

(12)

where C̃m,u ≜
√
log(4mu/(m+ u))/d and Cm,u follows the definition in Theorem 1.
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The term max∥ϵ∥2≤ρRm(w + ϵ, Z) characterizes the change of loss landscape within a
ball with w as the center and ρ as the radius. Formally, we call w as sharp minima if
the loss values around it differ significantly from itself, namely Rm(w+ ϵ, Z) ≫ Rm(w, Z).
Therefore, Corollary 9 suggests that a flat optima could have better transductive general-
ization performance. This theoretical result has been verify by recent work (Chen et al.,
2023), where the authors apply sharpness-aware minimization (Foret et al., 2021) on rec-
ommendation task to achieve better generalization performance for GNNs. This result
could shed light in understanding the correlation between sharpness and generalization for
transductive learning models. Particularly, recent work (Tang and Liu, 2023) reveals that
the initial residual and identity mapping adopted in GCNII (Chen et al., 2020) can help
the model maintain the generalization gap when the number of layers increases. Investi-
gating how these techniques affect the flatness of loss landscape and ultimately affect the
generalization of the model is worth exploring.

4.4 Upper Bounds for Adaptive Optimization Algorithms

As we have mentioned, one advantages of our theoretical results against previous one is
that the effect of optimization algorithm on generalization can be fully considered. Now we
illustrate this in more detail by analyzing AdaGrad (Duchi et al., 2011), which is one of the
most widely adopted optimization algorithms in practice. Different from SGD, the learning
rate in AdaGrad is adaptively adjusted during training. Denote by {Wt}t∈[T ] the weights
along the training trajectory of AdaGrad. Following (Wang and Mao, 2022), we consider
the setting that mini-batches examples are fixed. Denote by (B1, . . . , BT ) the sequence of
mini-batches where Bt is the examples used in the t-th epoch. For concise we assume that
the learner only minimizes the loss on labeled examples, and the number of each mini-batch
examples are equal to b. Then the average gradient on the Bt is defined as

g(w,Bt(Z)) ≜
1

b

∑
z∈Bt

∇wℓ(w, z), (13)

where Bt(Z) ⊆ {z|z ∈ Zm}. Notice that here ℓ means the objective function. For t ∈ [T ],
the update rule of AdaGrad can be formulated as

vt =
t−1∑
k=1

g(Wk, Bk(Z))⊙ g(Wk, Bk(Z)),Wt = Wt−1 −
η

√
vt + ϵ

⊙ g(Wt−1, Bt(Z)), (14)

whereW0 is the initial parameter and η, ϵ are two predefined hyper-parameters. Note that vt
is a random variable determined by W [t−1] ≜ (W0, . . . ,Wt−1). For the concise of notations
we use Ψ(W [t−1], Z) ≜

(
η/(

√
vt + ϵ)

)
⊙ g(Wt−1, Bt(Z)) to denote the “adaptive gradient”,

which is computed by normalizing the current gradient with accumulate squared gradient.
Inspired by (Neu et al., 2021; Wang and Mao, 2022), we introduce the following auxiliary

weight process {W̃t}t∈[T ] for analysis:

W̃0 = W0, W̃t = W̃t−1 −Ψ(W [t−1], Z) +Nt, (15)

where Nt ≜ σtN . {σt}t∈[T ] are predefined hyperparameters and N is a Gaussian random

variable independent to W [T ] and Z. For concise, we define Ut ≜
∑t

k=1Nk. The upper
bound for a transductive learner trained by AdaGrad is presented in the following theorem.

11
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Theorem 10 Suppose that (i) ℓ(w, z) ∈ [0, B] holds for any w ∈ W and z ∈ D, where B >
0 is a constant and (ii) EUT ,Z [Ru(wT + UT , Z)−Ru(wT , Z)] ≥ 0 holds for any realization
of WT = wT . Then we have

EWT ,Z [Ru(WT , Z)−Rm(WT , Z)]

≤1

2

√√√√Cm,ud

(
1

m
+

1

u

) T∑
t=1

log

(
1

dσ2
t

EW [t−1],Z

[∥∥∥Ψ(W [t−1], Z)
∥∥∥2
2

]
+ 1

)
+ EZ,WT ,UT

[Rm(WT + UT , Z)−Rm(WT , Z)] .

(16)

Assumption (ii) in Theorem 10 is also used in Corollary 9 to establish the PAC-Bayesian
bound. This assumption requires that adding random noise to the final parameter does not
decrease the risk on unlabeled examples in expectation, which is also used in (Foret et al.,
2021; Wang and Mao, 2022). The first term in Eq. (16) records the square of “adaptive
gradient” norm along the training trajectory, and the second term measures the expected
change of training risk after adding random noise. Compared with stability based (Cong
et al., 2021) or complexity based (Tang and Liu, 2023) methods, our results do not contain
any Lipschitz or smoothness constants and thus more easier to computed. Besides, the
smoothness or Hölder smoothness assumption limit the application scope of previous results,
e.g., they could not be applied to neural networks with ReLU as activation function. As
a comparison, our result does not rely on these assumptions and has a wider applicability.
Also, since the Lipschitz constant is the upper bound of the norm of gradient, our result can
more finely depict the impact of optimization trajectories on generalization. Furthermore,
the second term characterizes the flatness of the final parameter, which conveys the same
insight as Theorem 8, namely a flat optima is beneficial to achieve smaller generalization gap.
Considering the popularity of Adam (Kingma and Ba, 2015) in real-world applications, we
also derive the corresponding results. The reflected insights are similar yet the formulations
are more tedious, and we place the details in Appendix I.

5 Applications

5.1 Semi-supervised Learning

Due to the expensive cost of collecting high-quality labeled data, semi-supervised learn-
ing aims to train a learner with a few labeled examples and a large amount of unlabeled
data. The analysis for the generalization of semi-supervised learner has been widely ex-
plored (Mey and Loog, 2023), and the theoretical results differ by the problem setting and
assumptions. Here we focus on the transductive setting, which is also termed as setting 2
of transudctive learning (Vapnik, 1982). Formally, the labeled and unlabeled data is repre-
sented as Sm ≜ {(Xi, Yi)}i∈[m] and Su ≜ {(Xi, Yi)}i∈[u], which are samples independently

from certain distribution. The semi-supervised learner takes Sm ∪SX
u as input and outputs

the hypothesis characterized by W ∈ PW |Sm∪SX
u
, where SX

u ≜ {Xi}i∈[u]. Different from
the setting we present in Subsection 3.2, here each example (X,Y ) should be regarded as
random variable rather than constant pair. Furthermore, the training and test risk are
defined as R(W,Sm) ≜ 1

m

∑m
i=1 ℓ(W, (Xi, Yi)) and R(W,Su) ≜ 1

u

∑m+u
i=m+1 ℓ(W, (Xi, Yi)), re-

12
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spectively. Leveraging the theoretical results established in Section 4, the generalization of
semi-supervised learner can be obtained.

Proposition 11 Under the assumptions of Corollary 6, we have∣∣∣ESm,SX
u ,W [R(W,Su)−R(W,Sm)]

∣∣∣ ≤ B

m

m∑
i=1

E
Sm+u,Z̃

√
2ISm+u,Z̃(Fi;Ui), (17)

∣∣∣ESm,SX
u ,W [R(W,Su)−R(W,Sm)]

∣∣∣ ≤ B

m

m∑
i=1

E
Sm+u,Z̃

√
2ISm+u,Z̃(Li;Ui), (18)

∣∣∣ESm,SX
u ,W [R(W,Su)−R(W,Sm)]

∣∣∣ ≤ B

m

m∑
i=1

E
Sm+u,Z̃

√
2ISm+u,Z̃(∆i;Ui). (19)

Compared with Eq. (8) in Corollary 6, the upper bound in Eq. (17) includes the disen-
tangled mutual information Ism+u,z̃(Fi;Ui) rather than I z̃(Fi;Ui). The reason is that each
element in Sm+u is random variable rather than constant, and the randomness of Sm+u

should also be taken into consideration.

5.2 Transductive Graph Learning

Composed of several objects and their relationship, graph-structured data plays an impor-
tant role in real-world applications, e.g., recommendation system (Wang et al., 2019b; He
et al., 2020; Huang et al., 2021), drug discovery (Sun et al., 2020; Bongini et al., 2021),
and traffic flow forecasting (Song et al., 2020; Li and Zhu, 2021; Lan et al., 2022). Re-
cent years have witnessed the success of GNNs in various learning and inference tasks on
graph-structured data. The graph learning tasks can be divided into transductive task and
inductive task, and we only discuss the first one. Transductive graph learning tasks in-
clude graph-level task and node/edge-level task. The goal for node-level task is to predict
the label of nodes. For edge-level task, the learner is required to predict whether there is
a link between two nodes. Both of them fall into the category of transductive learning.
Taking node classification as an example, all nodes are randomly divided into training and
test nodes, and the labels of training nodes are revealed to the GNN model during train-
ing. Let D be the set containing all nodes and all edges (including positive and negative
edges) respectively, our results can be applied on analyzing the generalization gap of GNNs
on node classification task and link prediction task. Now we use node classification with
GCN (Kipf and Welling, 2017) as an illustration. Denote by Ã ∈ Rn×n and X ∈ Rn×d

the normalized adjacent matrix with self-loops and feature matrix, respectively. The pre-
diction of a two-layer GCN model is given by Ŷ = Softmax(ÃReLU(ÃXW1)W2), where
W1 ∈ Rd0×d1 ,W2 ∈ Rd1×|Y| are parameters. Here we use W ≜ [vec [W1] , vec [W2]] to denote
the collection of all parameters. Without loss of generality we assume that Zj = zj . Define

H(1) ≜ ÃXW1, the gradient g(W,Z) is formulated by g(W,Z) = [g1(W,Z), g2(W,Z)] with

g1(W,Z) ≜
1

m

m∑
i=1

(Ŷi,: − Yi,:)⊗
( n∑

j=1

ÃijReLU(H
(1)
j,: )

)
,

g2(W,Z) ≜
1

m

m∑
i=1

n∑
j=1

Ãij

(
ReLU′

(
n∑

k=1

ÃjkXk,:W1

)
⊙
(
(Ŷi,: − Yi,:)W

⊤
2

))
⊗H

(1)
j,: ,

(20)
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(a) MNIST with k = 2
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(b) MNIST with k = 3
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(c) CIFAR-10 with k = 2
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(d) CIFAR-10 with k = 3

Figure 1: Estimation of the transductive generalization gap and the derived bounds on
MNIST and CIFAR-10 with different values of m and k.

where ReLU′(·) is the derivation of ReLU function and Y ∈ {0, 1}n×|Y| is the label matrix.
Notice that here we have assumed that the loss is computed on all labeled nodes, which
is a common setting in practices (Kipf and Welling, 2017; Gasteiger et al., 2019; Chien
et al., 2021). By plugging g(W,Z) into Theorem 10 we can obtain the upper bound.
Notably, the architecture of GNN model and graph-structured property are reflected in
the gradient terms, by which their impacts on generalization is described. Following the
analysis technique in (Cong et al., 2021; Tang and Liu, 2023), one can derive fine-grained
upper bounds for other GNN models and gain insights on its generalization behavior.

6 Experiments

6.1 Experimental Setup

Semi-supervised Learning. We choose image classification on MNIST and CIFAR-10
as the semi-supervised learning tasks. The semi-supervised learning loss for unlabeled
images is defined as the mean square error between the prediction of the augmented images
and the vanilla images by the model, which is also termed as consistency regularization
in semi-supervised learning. Following (Harutyunyan et al., 2021; Guo et al., 2020), we
adopt a four-layer CNN and Wide ResNet-28-10 (Zagoruyko and Komodakis, 2016) as the
model for MNIST and CIFAR-10, respectively. For both these two experiments, we train
the model on 1000 mini batches using Adam optimizer with learning rate 0.001, and the
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Figure 2: Estimation of the transductive generalization gap and the derived bounds on real-
world datasets with GAT and GPR-GNN.

number of images per mini batch is fixed to 128. The loss is set to zero-one loss. Following
(Harutyunyan et al., 2021), we make the training process be deterministic by fixing the
sequence of mini batch and the initialization of parameters via random seed. Please refer
to Appendix K for the detail of network architecture and the estimation of the expected
generalization gap and derived bounds.

Transductive Graph Learning. We choose semi-supervised node classification on syn-
thetic and real world datasets as the learning tasks. Specifically, we select cSBMs (Desh-
pande et al., 2018) as the synthetic data, and Cora, CiteSeer (Sen et al., 2008; Yang et al.,
2016), Actor and Chameleon to be the real-world dataset. For each of these datasets, we
adopt GAT (Veličković et al., 2018) and GPR-GNN (Chien et al., 2021) as the learner,
which are the representative of spatial and spectral GNNs. Please refer to Appendix K for
more details. We train the model on all labeled nodes for 300 epochs with Adam optimizer
with learning rate 0.01.

6.2 Experimental Results

Figure 1 shows the results of semi-supervised learning algorithms on MNIST and CIFAR-10
datasets, where m and k denote the number of labeled images and the ration of unlabeled
images to labeled images respectively. Notice that we only extend the results of f -CMI and
e-CMI to the case that k ≥ 3. It can be observed that our established bounds are non-
vacuous, and the difference between the estimated value and generalization gap decreases
with the increase of m. Furthermore, this difference also increases when k becomes larger.
The reason is that a larger value of k leads to the larger estimated error of the conditional
mutual information, as we reveal in Subsection 4.2. Besides, the e-CMI bound is no larger
than the f -CMI bound, and the Id-CMI bound is no larger than the e-CMI bound for k = 2.
This result has been revealed in (Hellström and Durisi, 2022; Wang and Mao, 2023a) and
it still holds in transductive learning setting. The results of transductive graph learning
are presented in Figure 2 and Figure 3, respectively. The tendency is generally consistent
with that of semi-supervised learning. Since heterophilic graphs (Actor and Chameleon)
are more difficult to learn than homophilic graphs (Cora and CiteSeer) and the synthetic
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Figure 3: Estimation of the transductive generalization gap and the derived bounds on
cSBMs. The first (third) and the second (fourth) row show the results of GAT
(GPR-GNN). The first (second) and third (fourth) rows correspond to ϕ = −0.5
(ϕ = 0.5). The left, middle, and right figures in each row correspond to k = 2, 3, 4.

graphs, the difference between f -CMI bound and e-CMI bound for heterophilic graphs is
more pronounced.

7 Conclusion

In this work, we study the generalization of transductive learning algorithms under the view-
point of information theory, and establish upper bounds for general transductive algorithms
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and iterative algorithms in terms of different information measure. Furthermore, we demon-
strate their applications in semi-supervised learning and transductive graph learning, and
also empirically validate them by experiments. Promising future directions include apply-
ing our results to other scenarios and designing new information measures for transductive
learning setting.
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Appendix A. Notations and Lemma

We introduce additional notations used throughout the paper. The combination number
is denoted as Cn

m = m!
n!(m−n)! . Furthermore, we use N to denote the set of all non-negative

integers, and N+ to denote the set of all positive integers. Also, R is the set of real number
and R≥0 is the set of non-negative real numbers. The gamma function is denoted as Γ(·).
We finish this section by introducing the following lemma, which is also termed as the
Donsker-Varadhan dual characterization of KL divergence or Gibbs variational principle
in the literature. This lemma is the foundation of most information and PAC-Bayesian
theoretical results.

Lemma 12 (Theorem 4.6 in Polyanskiy and Wu (2022)) Let P, and Q be two prob-
ability measure on X and F ≜ {f : X → R} the family of bounded measurable function.
Then we have

DKL(P ||Q) = sup
f∈F

EP [f(X)]− logEQ [exp {f(X)}] . (21)

Appendix B. Proof of Theorem 1

We firstly show that E(w,Z) satisfies sub-gaussian property for a fixed realization w of W .
Inspired by (Cortes et al., 2008; El-Yaniv and Pechyony, 2007), we construct the following
martingale difference sequences:

Vi ≜ E[E(w,Z)|Z1, . . . , Zi]− E[E(w,Z)|Z1, . . . , Zi−1], i ∈ [n]. (22)

With this definition, one can verify that E(w,Z)−E[E(w,Z)] =
∑n

i=1 Vi. Note that Vi is a
function of Z1, . . . , Zi. Define

Li ≜ inf
z
E[E(w,Z)|Z1, . . . , Zi−1, Zi = z]− E[E(w,Z)|Z1, . . . , Zi−1],

Ui ≜ sup
z

E[E(w,Z)|Z1, . . . , Zi−1, Zi = z]− E[E(w,Z)|Z1, . . . , Zi−1],

we have Li ≤ Vi ≤ Ui. Then we show that Ui − Li is a bounded random variable when
Z1, . . . , Zi−1 are given:

Ui − Li

=sup
z

E[E(w,Z)|Z1, . . . , Zi−1, Zi = z]− inf
z
E[E(w,Z)|Z1, . . . , Zi−1, Zi = z]

= sup
z,z̃

{
E[E(w,Z)|Z1, . . . , Zi−1, Zi = z]− E[E(w,Z)|Z1, . . . , Zi−1, Zi = z̃]

}
=
u!(m− i)!Cm−i

n−i−1

(n− i)!
· (m+ u)B

mu

=
(m+ u)B

m(m+ u− i)
≜ ci.

(23)
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Since E[Vi|Z1, . . . , Zi−1] = 0, by Hoeffding’s lemma, E
[
eλVi |Z1, . . . , Zi−1

]
≤ e

λ2c2i
8 holds for

any λ ∈ R. Notice that

E

[
exp

{
λ

n∑
i=1

Vi

}]
=E

[
E

[
exp

{
λ

n−1∑
i=1

Vi

}
exp {Vn}

] ∣∣∣∣∣Z1, . . . , Zn−1

]

=E

[
exp

{
λ

n−1∑
i=1

Vi

}
E [exp {Vn}]

∣∣∣∣∣Z1, . . . , Zn−1

]

≤ exp

{
λ2c2n
8

}
E

[
exp

{
λ

n−1∑
i=1

Vi

}]
.

(24)

By recursively repeating the above process, we obtain

E

[
exp

{
λ

n∑
i=1

Vi

}]

≤ exp

{
λ2

8

n∑
i=1

c2i

}
= exp

{
λ2(m+ u)2B2

8m2

n∑
i=1

1

(m+ u− i)2

}

≤ exp

{
λ2B2(m+ u)2

8m(u− 1/2)(m+ u− 1/2)

}
.

(25)

Due to the symmetric of training and test partition, the final bound is obtained by taking
the largest one among them:

E

[
exp

{
λ

n∑
i=1

Vi

}]
≤ exp

{
λ2B2(m+ u)2

8mu(m+ u− 1/2)
· 2max(m,u)

2max(m,u)− 1

}
(26)

Combining Eq. (26) and the facts that E(w,Z)−E[E(w,Z)] =
∑n

i=1 Vi and E[E(w,Z)] = 0,
we obtain

EZ [exp {λ(Ru(w,Z)−Rm(w,Z))}]

≤ exp

{
λ2B2(m+ u)2

8mu(m+ u− 1/2)
· 2max(m,u)

2max(m,u)− 1

}
=exp

{
λ2(m+ u)Cm,u

8mu

} (27)

where Cm,u ≜ 2B2(m+u)max(m,u)
(m+u−1/2)(2max(m,u)−1) . Denote by Z ′ the independent copy of Z, which is

independent from W and has the same distribution as Z. Then we have

logEW,Z′
[
exp

{
λ(Ru(W,Z ′)−Rm(W,Z ′))

}]
= log

(∫
w
EZ′

[
exp

{
λ(Ru(w,Z

′)−Rm(w,Z ′))
}]

dPW (w)

)
≤ log

(∫
w
exp

{
λ2(m+ u)Cm,u

8mu

}
dPW (w)

)
=
λ2Cm,u

8

(
1

m
+

1

u

)
.

(28)
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By Lemma 12, for any λ ∈ R:

DKL(PZ,W ||PZ′,W )

≥EZ,W [λ(Ru(W,Z)−Rm(W,Z))]− logEZ′,W

[
exp

{
λ(Ru(W,Z ′)−Rm(W,Z ′))

}]
≥EZ,W [λ(Ru(W,Z)−Rm(W,Z))]− λ2Cm,u

8

(
1

m
+

1

u

)
,

(29)

which implies that

|EZ,W [Ru(W,Z)−Rm(W,Z)]| ≤

√
Cm,u

2

(
1

m
+

1

u

)
I(W ;Z). (30)

This finishes the proof for the first part. For the second part, note that Eq. (27) can
be rewritten as EZ [exp{λE(w,Z)}] ≤ exp{λ2σm,u}, where σm,u ≜ Cm,u(1/m + 1/u)/8.
Similarly we have EZ [exp{−λE(w,Z)}] ≤ exp{λ2σm,u}. Then we have

P {|E(w,Z)| ≥ t} ≤P {E(w,Z) ≥ t}+ P {E(w,Z) ≤ −t} ≤ 2 exp

{
− t2

4σm,u

}
, (31)

where the first and the second inequality are due to the Boole’s inequality and the Chernoff
technique, respectively. For any k ∈ N+, we have

E
[
|E(w,Z)|k

]
=

∫ ∞

0
P{|E(w,Z)|k ≥ u}du

=k

∫ ∞

0
P{|E(w,Z)| ≥ t} tk−1 dt

≤2k

∫ ∞

0
exp

{
− t2

4σm,u

}
tk−1 dt = (4σm,u)

k
2 kΓ(k/2),

(32)

which implies that

E
[
exp{λE2(w,Z)}

]
= 1 +

∞∑
k=1

λk

k!
E
[
|E(w,Z)|2k

]
≤ 1 + 2

∞∑
k=1

(4λσm,u)
k. (33)

By Lemma 12, for any λ ∈ R:

DKL(PZ,W ||PZ,W ′)

≥EZ,W

[
λ(Ru(W,Z)−Rm(W,Z))2

]
− logEZ,W ′

[
exp

{
λ(Ru(W

′, Z)−Rm(W ′, Z))2
}]

≥EZ,W

[
λ(Ru(W,Z)−Rm(W,Z))2

]
− log

(
1 + 2

∞∑
k=1

(4λσm,u)
k

)
,

(34)
Let λ = 1/8σm,u and plugging into σm,u ≜ Cm,u(1/m+ 1/u)/8, we obtain

EZ,W

[
(Ru(W,Z)−Rm(W,Z))2

]
≤ Cm,u

(
1

m
+

1

u

)
(I(Z;W ) + log 3). (35)
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Appendix C. Proof of Theorem 2

Denote by Z(1), . . . , Z(k) the k independent copy of Z. By running a transductive algorithm
A on each Z(j) respectively, we obtain the corresponding output W (j) = A(Z(j)) for j ∈ [k].
By this way, (Z(j),W (j)) can be regarded as independent copy of (Z,W ) for j ∈ [k]. Now
assume that there is a monitor that returns

(J∗, R∗) ≜ argmax
j∈[k],r∈{±1}

rE(W (j), Z(j)), W ∗ = WJ∗ .

One can verify that

R∗E(W (J∗), Z(J∗)) = max
j∈[k]

|E(Z(j),W (j))|.

Now taking expectation on both side, we have

EZ(1),...,Z(k),J∗,R∗,W ∗

[
R∗E(W (J∗), Z(J∗))

]
= EZ(1),...,Z(k),W1,...,Wk

[
max
j∈[k]

|E(Z(j),W (j))|
]
.

Using the same procedure used in the proof of Theorem 1, we have

logEJ∗,R∗,W ∗EZ(1),...,Z(k)

[
exp

{
λR∗E(W (J∗), Z(J∗))

}]
≤ λ2Cm,u

8

(
1

m
+

1

u

)
.

By Donsker-Varadhan’s variational formula, the following inequality holds for any λ ∈ R:

D(PZ(1),...,Z(k),J∗,R∗,W ∗ ||PZ(1),...,Z(k) ⊗ PJ∗,R∗,W ∗)

≥EZ(1),...,Z(k),J∗,R∗,W ∗

[
λR∗E(W (J∗), Z(J∗))

]
− logEJ∗,R∗,W ∗EZ(1),...,Z(k)

[
exp

{
λR∗E(W (J∗), Z(J∗))

}]
≥λEZ(1),...,Z(k),J∗,R∗,W ∗

[
R∗E(W (J∗), Z(J∗))

]
− λ2Cm,u

8

(
1

m
+

1

u

)
.

which implies

EZ(1),...,Z(k),J∗,R∗,W ∗

[
R∗E(W (J∗), Z(J∗))

]
≤

√
Cm,u

2

(
1

m
+

1

u

)
I(Z(1), . . . , Z(k); J∗, R∗,W ∗).

(36)
Next we provide a upper bound for the mutual information. Note that

I(Z(1), . . . , Z(k); J∗, R∗,W ∗)

≤I(Z(1), . . . , Z(k); J∗, R∗,W ∗,W1, . . . ,Wk)

=I(Z(1), . . . , Z(k);W1, . . . ,Wk) + I(Z(1), . . . , Z(k); J∗, R∗,W ∗|W1, . . . ,Wk)

=
k∑

j=1

I(Z(j);Wj) + I(Z(1), . . . , Z(k); J∗, R∗,W ∗|W1, . . . ,Wk)

≤kI(Z;W ) + log(2k).

(37)
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where we have used the fact that (Z(k),Wj), j ∈ [k] are independent. Plugging Eq. (37)
into Eq. (36) yields

EZ(1),...,Z(k),W (1),...,W (k)

[
max
j∈[k]

|E(Z(j),W (j))|
]
≤

√
Cm,u

2

(
1

m
+

1

u

)
(log(2k) + kI(Z,W )).

Since (Z(j),W (j)) are independent copy of (Z,W ), for any α > 0 we have

PZ(1),W (1),...,Z(k),W (k)

{
max
j∈[k]

|E(Z(j),W (j))| < α

}
= (PZ,W {|E(Z,W )| < α})k .

By Markov’s inequality:

PZ(1),W (1),...,Z(k),W (k)

{
max
j∈[k]

|E(Z(j),W (j))| ≥ α

}
≤ 1

α
EZ(1),...,Z(k),W (1),...,W (k)

[
max
j∈[k]

|E(Z(j),W (j))|
]

≤ 1

α

√
Cm,u

2

(
1

m
+

1

u

)
(log(2k) + kI(Z,W )).

Therefore,

PZ,W {|E(Z,W )| ≥ α}
=1− PZ,W {|E(Z,W )| < α}

=1−
(
PZ(1),W (1),...,Z(k),W (k)

{
max
j∈[k]

|E(Z(j),W (j))| < α

}) 1
k

=1−
(
1− PZ(1),W (1),...,Z(k),W (k)

{
max
j∈[k]

|E(Z(j),W (j))| < α

}) 1
k

≤1−

(
1− 1

α

√
Cm,u

2

(
1

m
+

1

u

)
(log(2k) + kI(Z,W ))

) 1
k

.

Let α = 2
√

Cm,u

2

(
1
m + 1

u

)
(log(2k) + kI(Z,W )) and k = ⌊1δ ⌋, we have obtained the result.

Let k = 1, we obtain

EZ,W [|E(Z,W )|] ≤

√
Cm,u

2

(
1

m
+

1

u

)
(log 2 + I(Z,W )).

Appendix D. Proof of Proposition 4

Denote by U the set containing all values of U . For any z̃ ∈ Z̃ and u ∈ U , we use

z̄(z̃, u) ≜ (z̃1,u1 , . . . , z̃m,um , z̃1,1−u1 , . . . , z̃m,1−um) (38)

to denote the random permutation vector induced by z̃ and u. Let Z̄ : {z̄(z̃, u)|z̃ ∈ Z̃, u ∈
U}, it is sufficient to proof that Z̄ = Z, where Z is the set includes all possible values of
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Z defined in Subsection 3.2. Note that each element z̃ in Z̃ differs by each other, since
z̃ is a partitions of 2m elements into m subsets, where each subset contains 2 elements.
Thus, the cardinality of Z̃ is (2m)!

2m . Furthermore, for fixed z̃ and u1, u2 ∈ U , it is clear that
u1 ̸= u2 implies z̄(z̃, u1) ̸= z̄(z̃, u2), due to the fact that z̄(z̃, u1) = z̄(z̃, u2) if and only if
z̄(z̃, u1)j = z̄(z̃, u2)j for j ∈ [2m]. Here z̄(z̃, u)j represents the j-th entry in the sequence.
Now we claim that for any two element z̄1(z̃1, u1), z̄2(z̃2, u2) ∈ Z̄, if z̄1(z̃1, u1) = z̄2(z̃2, u2),
then z̃1 = z̃2 holds. To see this, we show that z̃ can be uniquely determined when seeing
z̄(z̃, u). Recall that z̃ is a sequence containing m element, and each element z̃j is a set. By
Eq. (38), we conclude that z̃1,u1 comes from z̃1, z̃2,u2 comes from z̃2, and so on. Similarly,
z̃1,1−u1 comes from z̃1, z̃2,1−u2 comes from z̃2, and so on. By this way, we have recovered
z̃ from z̄(z̃, u) and it is unique. Together with the fact z̄(z̃, u1) = z̄(z̃, u2) =⇒ u1 = u2
that we have just shown, we conclude that z̄1(z̃1, u1) = z̄2(z̃2, u2) =⇒ z̃1 = z̃2, u1 = u2,
which suggest that (z̃, u) → z̄(z̃1, u1) is a one-to-one mapping. Since |S| = 2m, we have
|Z̄| = |Z̃||S| = (2m)! = |Z|. Combining this with the fact that Z̄ ⊆ Z, we conclude that
Z̄ = Z.

Appendix E. Proof of Theorem 5

We firstly present a warm-up example for illustrating the proposed transductive supersam-
ples. Suppose m = 2, all entries in Z̃ are as follows:

• ({z1, z2}, {z3, z4})

• ({z1, z3}, {z2, z4})

• ({z1, z4}, {z2, z3})

• ({z2, z3}, {z1, z4})

• ({z2, z4}, {z1, z3})

• ({z3, z4}, {z1, z2})

Now we give the formal proof. Denote by w and z̃ the fixed realizations of W and Z̃. For
any λ ∈ R, by Hoeffding’s Lemma:

EU [exp {λE(w, z̃, U)}]

=EU

[
exp

{
λ

m

m∑
i=1

ℓ(w, z̃i,Ui)− ℓ(w, z̃i,1−Ui)

}]
≤ exp

{
λ2B2

2m

}
.

(39)

Let U ′ be the independent copy of U , we have

logE
U ′,W |Z̃=z̃

[
exp

{
λE(W, z̃, U ′)

}]
= log

(∫
w
EU ′

[
exp

{
λE(w, z̃, U ′)

}]
dP

W |Z̃=z̃
(w)

)
≤ λ2B2

2m
.

(40)
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where we have used the fact that P
U ′,W |Z̃=z̃

= P
W |Z̃=z̃

PU ′ , due to U ′ is independent from

both Z̃ and W . By Lemma 12, for any λ ∈ R:

I z̃(U ;W ) = DKL(PS,W |Z̃=z̃
||P

S′,W |Z̃=z̃
)

≥E
S,W |Z̃=z̃

[λE(W, z̃, S)]− logE
S′,W |Z̃=z̃

[
exp

{
λE(W, z, S′)

}]
≥λE

S,W |Z̃=z̃
[E(W, z̃, S)]− λ2B2

2m
,

(41)

which implies that ∣∣∣EU,W |Z̃=z̃
[E(W, z̃, U)]

∣∣∣ ≤√2B2

m
I z̃(U ;W ).

Taking expectation over Z̃ on both side, we have obtain

|EZ,W [Ru(W,Z)−Rm(W,Z)]| =
∣∣∣EZ̃,U,W

[
E(W, Z̃, U)

]∣∣∣
≤E

Z̃

∣∣∣EU,W |Z̃

[
E(W, Z̃, U)

]∣∣∣ ≤ E
Z̃

√
2B2

m
IZ̃(U ;W ).

(42)

For the second part, note that Eq. (39) can be rewritten as EU [exp {λE(w, z̃, U)}] ≤
exp{λ2B2/2m}. Similarly we have EU [exp {−λE(w, z̃, U)}] ≤ exp{λ2B2/2m}. By the
same technique in Section B, we have

E
U,W |Z̃=z̃

[
E2(W, z̃, U)

]
≤ 4B2

m
(I z̃(U ;W ) + log 3). (43)

Taking expectation on both side, we have obtain

EU,W

[
(Ru(W,Z)−Rm(W,Z))2

]
= E

Z̃,U,W

[
E2(W, Z̃, U)

]
≤ 4B2

m
(I(U ;W |Z̃)+log 3). (44)

We close this proof by presenting the results for more ordinary cases where u = km with
k ∈ N+. By Definition 7, the transductive generalization under this setting is defined by

E(W, Z̃, U) ≜
1

m

m∑
i=1

ℓ(W, Z̃i,Si)−
1

km

m∑
i=1

k−1∑
j=0

ℓ(W, (Z̃i \ Z̃i,Ui)j). (45)

Notice that here V does not appear in the formulation. The reason is that V controls
the sequence of test examples, and the loss is independent to this randomness. One can

verify that EW,Z [Ru(W,Z)−Rm(W,Z)] = E
Z̃,U,W

[
E(W, Z̃, U)

]
holds. Following the same

procedure we have

|EW,Z [Ru(W,Z)−Rm(W,Z)]| ≤ E
Z̃

√
2(k + 1)B2

n
IZ̃(U ;W )

EW,Z

[
(Ru(W,Z)−Rm(W,Z))2

]
≤ 4(k + 1)B2

n
(I(U ;W |Z̃) + log 3).

(46)
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Appendix F. Proof of Corollary 6

Denote by g(Fi, Ui, Ỹi) ≜ r(Fi,Ui , Ỹi,Ui)− r(Fi,1−Ui , Ỹi,1−Ui) the function of (Fi, Ui, Ỹi). Let

fi and z̃i = (x̃i, ỹi) be the fixed realizations of Fi and Z̃i. For any λ ∈ R and i ∈ [m], by
Hoeffding’s Lemma:

EUi [exp {λg(fi, Ui, ỹi)}] ≤ exp

{
λ2B2

2

}
. (47)

Let U ′
i be the independent copy of Ui, by Lemma 12:

I(Fi;Ui|Z̃ = z̃) ≥ λE
Fi,Ui|Z̃=z̃

[g(Fi, Ui, ỹi)]− logE
Fi,U ′

i |Z̃=z̃

[
exp

{
λg(Fi, U

′
i , ỹi)

}]
≥ λE

Fi,Ui|Z̃=z̃
[g(Fi, Ui, ỹi)]−

λ2B2

2
.

(48)

Then we have∣∣∣EU,W |Z̃=z̃
[ℓ(W, z̃i,Ui)− ℓ(W, z̃i,1−Ui)]

∣∣∣ = ∣∣∣EFi,Ui|Z̃=z̃
[g(Fi, Ui, ỹi)]

∣∣∣ ≤ B
√
2I z̃(Fi;Ui),

(49)
which implies that

|EW,Z [Ru(W,Z)−Rm(W,Z)]| =
∣∣∣EW,Z̃,U

[
E(W, Z̃, U)

]∣∣∣
≤E

Z̃

∣∣∣∣∣ 1m
m∑
i=1

E
U,W |Z̃

[
ℓ(W, Z̃i,Ui)− ℓ(W, Z̃i,1−Ui)

]∣∣∣∣∣
≤ 1

m

m∑
i=1

E
Z̃

∣∣∣EU,W |Z̃

[
ℓ(W, Z̃i,Ui)− ℓ(W, Z̃i,1−Ui)

]∣∣∣
=

1

m

m∑
i=1

E
Z̃

∣∣∣EFi,Ui|Z̃

[
g(Fi, Ui, Ỹi)

]∣∣∣ ≤ B

m

m∑
i=1

E
Z̃

√
2IZ̃(Fi;Ui).

(50)

Denote by g(Li, Ui) = Li,Ui − Li,1−Ui and g(∆i, Ui) ≜ (−1)Si∆i, by the same technique we
have

|EZ,W [Ru(W,Z)−Rm(W,Z)]| ≤ 1

m

m∑
i=1

E
Z̃

√
2IZ̃(Li;Si)

|EZ,W [Ru(W,Z)−Rm(W,Z)]| ≤ 1

m

m∑
i=1

E
Z̃

√
2IZ̃(∆i;Si).

(51)

Appendix G. Proof of Theorem 8

By Markov’s inequality, for any distribution P that is independent to Z and δ ∈ (0, 1):

P
{
EW∼P

[
eλ(Ru(W,Z)−Rm(W,Z))

]
≥ 1

δ
EZEW∼P

[
eλ(Ru(W,Z)−Rm(W,Z))

]}
≤ δ. (52)
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By Lemma 12 and Eq. (27), for any distribution Q, with probability at least 1− δ over the
randomness of Z:

λEW∼Q [Ru(W,Z)−Rm(W,Z)]

≤DKL(Q||P ) + log
(
EW∼P

[
eλ(Ru(W,Z)−Rm(W,Z))

])
≤DKL(Q||P ) + log

(
1

δ

)
+ logEZEW∼P

[
eλ(Ru(W,Z)−Rm(W,Z))

]
=DKL(Q||P ) + log

(
1

δ

)
+ log

(∫
w
EZ′

[
exp

{
λ(Ru(w,Z

′)−Rm(w,Z ′))
}]

dP (w)

)
≤DKL(Q||P ) + log

(
1

δ

)
+

λ2Cm,u

8

(
1

m
+

1

u

)
,

(53)

which implies that: for any distribution Q, with probability at least 1− δ over the random-
ness of Z,

|EW∼Q [Ru(W,Z)−Rm(W,Z)]| ≤

√
Cm,u

2

(
1

m
+

1

u

)(
DKL(Q||P ) + log

(
1

δ

))
. (54)

Note that by setting Q = PW |Z and P = PW , we recover a degenerated version of Theorem 1
holds with probability 1− δ:

|EW,Z [Ru(W,Z)−Rm(W,Z)]| ≤ EZ [|EW∼Q [Ru(W,Z)−Rm(W,Z)]|]

≤EZ

[√
Cm,u

2

(
1

m
+

1

u

)(
DKL(PW |S ||PW ) + log

(
1

δ

))]

≤

√
Cm,u

2

(
1

m
+

1

u

)(
EZ

[
DKL(PW |S ||PW )

]
+ log

(
1

δ

))

=

√
Cm,u

2

(
1

m
+

1

u

)(
I(S;W ) + log

(
1

δ

))
.

(55)

It is worth mentioning that we can also recover another degenerated version of Theo-
rem 1, following the technique used in (Bégin et al., 2014). Denote by Rm+u(W,Z) ≜

1
m+u

∑m+u
i=1 ℓ(W,Zi) =

m
m+uRm(W,Z)+ u

m+uRu(W,Z) the error on Z. Denote by D(p, q) ≜

p log p
q +(1− p) log 1−p

1−q the KL divergence between two Bernoulli distributions with success
probability p and q. Then the D-function introduced in (Bégin et al., 2014) is expressed by
D∗

β(p, q) ≜ D(p, q) + 1−β
β D( q−βp

1−β , q). By Theorem 5 and Theorem 6 in (Bégin et al., 2014),
for fixed realization w of W :

EZ

[
exp

{
mD∗

β(Rm(w,Z), Rm+u(w,Z))
}]

≤ 3 log(m)

√
mu

m+ u
, (56)

which implies that

logEW⊗Z

[
exp

{
mD∗

β(Rm(W,Z), Rm+u(W,Z))
}]

= log

(∫
w
EZ

[
exp

{
mD∗

β(Rm(w,Z), Rm+u(w,Z))
}]

dPW (w)

)
≤ log

(
3 log(m)

√
mu

m+ u

)
.

(57)
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By Lemma 12 we have

DKL(PZ,W ||PZ,W ′)

≥EZ,W

[
mD∗

β(Rm(W,Z), Rm+u(W,Z))
]
− logEW⊗Z

[
emD∗

β(Rm(W,Z),Rm+u(W,Z))
]

≥mEZ,W

[
D∗

β(Rm(W,Z), Rm+u(W,Z))
]
− log

(
3 log(m)

√
mu

m+ u

)
.

(58)

By Pinsker’s inequality and plugging in β = m
m+u , the expectation term can be lower

bounded by

EZ,W

[
D∗

β(Rm(W,Z), Rm+u(W,Z))
]

=EZ,W [D(Rm(W,Z), Rm+u(W,Z))]

+
u

m
EZ,W

[
D
(
m+ u

u
Rm+u(W,Z)− m

u
Rm(W,Z), Rm+u(W,Z)

)]
≥2EZ,W

[
(Rm(W,Z)−Rm+u(W,Z))2

]
+ 2

m

u
EZ,W

[
(Rm(W,Z)−Rm+u(W,Z))2

]
=2

m+ u

u
EZ,W

[(
Rm(W,Z)− m

m+ u
Rm(W,Z) +

u

m+ u
Ru(W,Z)

)2
]

=
2u

m+ u
EZ,W

[
(Rm(W,Z)−Ru(W,Z))2

]
≥ 2u

m+ u
(EZ,W [Rm(W,Z)−Ru(W,Z)])2 .

(59)

Combining Eq. (58) and Eq. (59) we obtain a degenerated bound compared with that

provided in Theorem 1 with extra factors log
(
3 log(m)

√
mu
m+u

)
:

|EZ,W [Rm(W,Z)−Ru(W,Z)]| ≤

√
1

2

(
1

m
+

1

u

)[
I(Z;W ) + log

(
3 log(m)

√
mu

m+ u

)]
.

Appendix H. Proof of Corollary 9

The proof generally follows the proof of Theorem 2 in (Foret et al., 2021). For given posterior
distribution Q, we need to properly select the optimal prior distribution P ∗ such that the
KL divergence term DKL(Q||P ) can be minimized. However, this solution is not applicable.
The reason is that P will depend on Q and Z, yet we require that P should be chosen before
observing Z. Therefore, the most widely adopted method is to construct a predefined set
of prior distribution P = {Pj}j∈N, and then establishing a high probability guarantee for
each P ∈ P. After that, we can establish a high probability guarantee for the optimal prior
P ∗ by using union bound inequality.

Formally, denote by w ∈ Rd the parameter return by the learning algorithm and σ a
predefined hyper-parameter, we define the posterior distribution as Q ≜ N (w + ϵ, σ2Id).
Let c = σ2

Q(1 + e4n/d), the predefined set P is constructed as

P ≜
{
N (ϵ, σ2

j I)
∣∣σj = ce(1−j)/d

}
.
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Here c is a constant depends on m,n, d, σ, whose value will be discussed later. For any
P ≜ N (ϵ, σ2

P I) ∈ P, by calculating the KL divergence term, we have

DKL(Q||P ) =
1

2

[
dσ2 + ∥w∥22

σ2
P

− d+ d log

(
σ2
P

σ2

)]
,

which implies that

argmin
σP

DKL(Q||P ) =
√

σ2 + ∥w∥22/d.

Therefore, we can define the optimal prior distribution as P ∗ = N (ϵ, σ2
j∗I) where

j∗ =

⌊
1− d log

(
σ2 + ∥w∥22 /d

c

)⌋
,

which implies that

−d log

(
σ2 + ∥w∥22 /d

c

)
≤ j∗ ≤ 1− d log

(
σ2 + ∥w∥22 /d

c

)
, (60)

and

σ2 +
∥w∥22
d

≤ σ2
j∗ ≤ e1/d

(
σ2 +

∥w∥22
d

)
. (61)

Here we have used a fact that σ2 + ∥w∥22/d < c, which will be shown later. Therefore, we
have

DKL(Q||P ∗) =
1

2

[
dσ2

Q + ∥w∥22
σ2
j∗

− d+ d log

(
σ2
j∗

σ2
Q

)]

≤ 1

2

d(σ2
Q + ∥w∥22/d)

σ2
Q + ∥w∥22/d

− d+ d log

e1/d
(
σ2
Q + ∥w∥22/d

)
σ2


=

1

2

[
d log

(
e

1
d

(
σ2 + ∥w∥22/d

)
σ2

)]
=

1

2

[
1 + d log

(
1 +

∥w∥22
dσ2

)]
.

(62)

Denote by Aj the event that

Aj ≜

{
|EW∼Q [Ru(W,Z)−Rm(W,Z)]| ≥

√
Cm,u

2

(
1

m
+

1

u

)(
DKL(Q||Pj) + log

(
1

δj

))}
.

Let δj ≜ 6δ
π2j2

, by Theorem 8, for any distribution Q we have

P {Aj∗} ≤ P
{
∪∞
j=1Aj

}
≤

∞∑
j=1

P {Aj} =

∞∑
j=1

δj =

∞∑
j=1

6δ

π2j2
= δ. (63)
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Therefore, with probability at least 1− δ,

EW∼Q [Ru(W,Z)−Rm(W,Z)]

=Eϵ∼N (0,σ2I) [Ru(w + ϵ, Z)−Rm(w + ϵ, Z)]

≤

√
Cm,u

2

(
1

m
+

1

u

)(
DKL(Q||Pj∗) + log

(
1

δj

))

≤

√
Cm,u

2

(
1

m
+

1

u

)(
1

2

[
1 + d log

(
1 +

∥w∥22
dσ2

)]
+ log

(
1

6δ

)
+ 2 log (πj∗)

)
.

(64)

Since ϵ ∼ N (0, σ2I), Lemma 1 in (Laurent and Massart, 2000) suggests that

P{∥ϵ∥22 ≥ dσ2 + 2σ2
√
dt+ 2tσ2} ≤ e−t. (65)

Let C̃m,u ≜
√
log(4mu/(m+ u))/d, with probability at least 1−

√
(m+ u)/4mu we have

∥ϵ∥22 ≤dσ2 + 2σ2
√

d log(
√

4mu/(m+ u)) + σ2 log(4mu/(m+ u))

≤dσ2 + 2σ2
√

d log(4mu/(m+ u)) + σ2 log(4mu/(m+ u))

=σ2d

(
1 +

√
log(4mu/(m+ u))

d

)2

= σ2d
(
1 + C̃m,u

)2
≜ ρ2,

(66)

Denote by A = {∥ϵ∥22 ≤ ρ2} the event that the Euclidean norm of ϵ is not larger than ρ,
with probability at least 1− δ:

Ru(w, Z)

≤Eϵ∼N (0,σ2I) [Ru(w + ϵ, Z)]

=P{A}Eϵ∼N (0,σ2I) [Ru(w + ϵ, Z)|A] + P{Ā}Eϵ∼N (0,σ2I)

[
Ru(w + ϵ, Z)|Ā

]
=

(
1−

√
m+ u

4mu

)
Eϵ∼N (0,σ2I) [Ru(w + ϵ, Z)|A] +

√
m+ u

4mu
Eϵ∼N (0,σ2I)

[
Ru(w + ϵ, Z)|Ā

]
≤Eϵ∼N (0,σ2I) [Ru(w + ϵ, Z)|A] +

√
m+ u

4mu

≤EW∼QRm(W,Z) +

√
m+ u

4mu

+

√
Cm,u

2

(
1

m
+

1

u

)(
1

2

[
1 + d log

(
1 +

∥w∥22
dσ2

)]
+ log

(
1

6δ

)
+ 2 log (πj∗)

)
≤ max

∥ϵ∥2≤ρ
Rm(w + ϵ, Z)

+

√
Cm,u

(
1

m
+

1

u

)(
1 +

d

2
log

(
1 +

∥w∥22
ρ2

(
1 + C̃m,u

)2)
+ log

(
1

6δ

)
+ 2 log (πj∗)

)
.

(67)
Here we use the assumption to obtain the first inequality, and the second line is due to law
of total expectation. The second inequality is due to the fact that Ru(w, Z) ≤ 1 for any
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w and Z since the loss is 0-1 loss. We use the fact
√
a +

√
a+ b ≤

√
2(2a+ b) in the last

inequality. The remaining step is to specify the value of c. Note that if

∥w∥22 ≥
ρ2

(1 + C̃m,u)2

(
exp

{
2mu

(m+ u)d

}
− 1

)
, (68)

the slack term in Eq. (67) will exceed 1 and the inequality holds trivially. Therefore, we
only need to consider the case that

∥w∥22 <
ρ2

(1 + C̃m,u)2

(
exp

{
2mu

(m+ u)d

}
− 1

)
. (69)

which implies that

σ2 +
∥w∥22
d

<
ρ2

(1 + C̃m,u)2d
exp

{
2mu

(m+ u)d

}
= σ2 exp

{
2mu

(m+ u)d

}
≜ c. (70)

Here we have used Eq. (66) since we only need to consider the case that ∥ϵ∥22 ≤ ρ2. One
can verify that j∗ is an valid integer under this definition. Note that

log(j∗) ≤ log

(
1 + d log

(
c

σ2 + ∥w∥22 /d

))

≤ log
(
1 + d log

( c

σ2

))
= log

(
1 +

2mu

(m+ u)

)
≤ log

(
4mu

(m+ u)

)
.

(71)

Plugging Eq. (71) into Eq. (67), with probability at least 1− δ over the randomness of Z:

Ru(w, Z)

≤ max
∥ϵ∥2≤ρ

Rm(w + ϵ, Z)

+

√√√√√Cm,u(m+ u)

(
2 + d log

(
1 +

∥w∥22
ρ2

(
1 + C̃m,u

)2)
+ 2 log

(
1
6δ

)
+ 4 log

(
4πmu
m+u

))
2mu

.

(72)

Appendix I. Proof of Theorem 10

This proof is inspired by (Neu et al., 2021; Wang and Mao, 2022). By the assumption that
E [Ru(wT + UT , Z)−Ru(wT , Z)] ≥ 0 holds for any realization of WT = wT , we have

EZ,WT ,UT

[
Ru(W̃T , Z)−Ru(WT , Z)

]
=

∫
wT

[EZ,UT
[Ru(wT + UT , Z)−Ru(wT , Z)|WT = wT ]] dPWT

(wT ) ≥ 0.
(73)
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Therefore, the transductive generalization error can be bounded by

EZ,WT
[Ru(WT , Z)−Rm(WT , Z)]

=EZ,WT ,UT

[
Rm(W̃T , Z)−Rm(WT , Z)

]
− EZ,WT ,UT

[
Ru(W̃T , Z)−Ru(WT , Z)

]
+ EZ,WT ,UT

[
Ru(W̃T , Z)−Rm(W̃T , Z)

]
≤EZ,WT ,UT

[
Rm(W̃T , Z)−Rm(WT , Z)

]
+

√
Cm,u

2

(
1

m
+

1

u

)
I(Z; W̃T ).

(74)

Now the last step is to provide a upper bound for I(Z; W̃T ). Following (Wang and Mao,
2022), the mutual information term is decomposed by

I(Z; W̃T )

=I

(
Z; W̃T−1 −

η
√
vT + ϵ

⊙ g(WT−1, BT (Z)) +NT

)
≤I

(
Z; W̃T−1,−

η
√
vT + ϵ

⊙ g(WT−1, BT (Z)) +NT

)
=I(Z; W̃T−1) + I

(
− η
√
vT + ϵ

⊙ g(WT−1, BT (Z)) +NT ;Z

∣∣∣∣W̃T−1

)
.

Recursively repeating the above process, we obtain

I(Z; W̃T ) ≤
T∑
t=1

I

(
− η
√
vt + ϵ

⊙ g(Wt−1, Bt(Z)) +Nt;Z

∣∣∣∣W̃t−1

)

=
T∑
t=1

I

(
− η
√
vt + ϵ

⊙ g(W̃t−1 − Ut−1, Bt(Z)) +Nt;Z

∣∣∣∣W̃t−1

)
.

(75)

Then we need to provide a upper bound for the conditional mutual information. Let V,X,U
be random variables that are independent of N ∼ N (0, Id). Define Ψ as a function of
random variables U, V,X, Y . Denote by h(·) the differential entropy, then

I(Ψ(V, y − U,X) + σN ;X|Y = y)

=h(Ψ(V, y − U,X) + σN |Y = y)− h(Ψ(V, y − U,X) + σN |X,Y = y).
(76)

For the first term, using the fact that Gaussian minimizes entropy, we have

h(Ψ(V, y − U,X) + σN |Y = y)

≤d

2
log

(
2πe

E
[
∥Ψ(V,X, y − U) + σN∥22|Y = y

]
d

)

=
d

2
log

(
2πe

E
[
∥Ψ(U, V,X, y − U)∥22|Y = y

]
+ σ2E

[
∥N∥22

]
d

)

=
d

2
log

(
2πe

E
[
∥Ψ(V,X, y − U)∥2|Y = y

]
+ dσ2

d

)
.

(77)
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For the second term, we have:

h(Ψ(V, y − U,X) + σN |X,Y = y) ≥ h(Ψ(V, y − U,X) + σN |U, V,X, Y = y)

=h(σN) =
d

2
log 2πeσ2.

(78)

Let V = W [t−2] ≜ (W0, . . . ,Wt−2), X = Z, Y = W̃t−1, U = Ut−1 and

Ψ(V, y − U,X) = Ψ(W [t−2], w̃t−1 − Ut−1, Z)

=− η√
vt(W [t−2], w̃t−1 − Ut−1) + ϵ

⊙ g(w̃t−1 − Ut−1, Bt(Z)),

plugging Eqs. (77,78) into Eq. (76), we have

I
(
Ψ(W [t−2], w̃t−1 − Ut−1, Z) +Nt;Z

∣∣W̃T−1 = w̃t−1

)
=I
(
Ψ(W [t−2], w̃t−1 − Ut−1, Z) +Nt;Z

∣∣W̃t−1 = w̃t−1

)
≤d

2
log

(
1

dσ2
t

E
[∥∥Ψ(W [t−2], w̃t−1 − Ut−1, Z)

∥∥2
2

∣∣∣W̃t−1 = w̃t−1

]
+ 1

)
,

which implies that

I
(
Ψ(W [t−2], w̃t−1 − Ut−1, Z) +Nt;Z

∣∣W̃t−1

)
≤
∫
w̃t−1

d

2
log

(
1

dσ2
t

E
[∥∥Ψ(W [t−2], w̃t−1 − Ut−1, Z)

∥∥2
2

∣∣∣W̃t−1 = w̃t−1

]
+ 1

)
dP

W̃T−1
(w̃T−1)

≤d

2
log

(
1

dσ2
t

E
[∥∥∥Ψ(W [t−2], W̃t−1 − Ut−1, Z)

∥∥∥2
2

]
+ 1

)
.

(79)
Let w[k] ≜ (w1, . . . , wk) and

ζ(W [t−2], W̃t−1 − Ut−1, Z) ≜
∥∥∥Ψ(W [t−2], W̃t−1 − Ut−1, Z)

∥∥∥2
2
,

we have

E
W [t−2],W̃t−1,Ut−1,Z

[
ζ(W [t−2], W̃t−1 − Ut−1, Z)

]
=

∫
z

∫
w[t−2]

∫
w̃t−1

∫
u
ζ(w[t−2], w̃t−1 − u, z) dPWt−1|Z,Wt−2

(w̃t−1 − u) dPUt−1(u) dPW [t−2]|Z(w
[t−2]) dPZ(z)

=

∫
z

∫
w[t−2]

∫
w̃t−1

∫
wt−1

ζ(w[t−2], wt−1, z) dPWt−1|Z,Wt−2
(wt−1) dPUt−1(w̃t−1 − wt−1) dPW [t−2]|Z(w

[t−2]) dPZ(z)

=

∫
z

∫
w[t−2]

∫
wt−1

ζ(w[t−2], wt−1, z) dPWt−1|Z,Wt−2
(wt−1) dPW [t−2]|Z(w

[t−2]) dPZ(z)

=

∫
z

∫
w[t−1]

ζ(w[t−2], wt−1, z) dPW [t−1],Z(w
[t−1], z)

=EW [t−1],Z [ζ(W
[t−1], Z)].

(80)
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Here the first inequality is due to the convolution formulation, and we use wt−1 ≜ w̃t−1 − u
to obtain the second inequality. The third inequality is due to PUt−1 is Normal distribution.
Plugging Eqs. (79, 80) into Eq. (75), we have

I(Z; W̃T )

≤
T∑
t=1

d

2
log

(
1

dσ2
t

E
[∥∥∥Ψ(W [t−2],Wt−1, Z)

∥∥∥2
2

]
+ 1

)

=
T∑
t=1

d

2
log

(
1

dσ2
t

E

[∥∥∥∥ η√
vt(W [t−1]) + ϵ

⊙ g(Wt−1, Bt(Z))

∥∥∥∥2
2

]
+ 1

)
.

(81)

Combining Eq. (81) with Eq. (74), we have

EZ,WT
[Ru(WT , Z)−Rm(WT , Z)]

≤
T∑
t=1

d

2
log

(
1

dσ2
t

E

[∥∥∥∥ η√
vt(W [t−1]) + ϵ

⊙ g(Wt−1, Bt(Z))

∥∥∥∥2
2

]
+ 1

)
+ EZ,WT ,UT

[Rm(WT + UT , Z)−Rm(WT , Z)]

(82)

Now we discuss how to extend this result to Adam optimization algorithm. For t ∈ [T ], the
update rule of Adam is

mt = β1mt−1 + (1− β1)g(Wt−1, Bt(Z)),

vt = β2vt−1 + (1− β2)g(Wt−1, Z)⊙ g(Wt−1, Bt(Z)),

v̂t =
vt

1− βt
2

, m̂t =
mt

1− βt
1

,Wt = Wt−1 −
η√

v̂t + ϵ
⊙ m̂t.

Define

Ψ(W [t−1], Z) ≜ −
t−1∑
τ=0

η(1− β1)β
t−τ−1
1√

v̂t + ϵ
⊙ g(Wτ , Bτ+1(Z)),

we have Wt = Wt−1 +Ψ(W [t−1], Z). Similarly, we construct the weight process as

W̃0 = W0, W̃t = W̃t−1 +Ψ(W [t−1], Z) +Nt.

By the same technique, one can find that

I(Z; W̃T )

≤
T∑
t=1

d

2
log

(
1

dσ2
t

E
[∥∥∥Ψ(W [t−2],Wt−1, Z)

∥∥∥2
2

]
+ 1

)

=
T∑
t=1

d

2
log

(
1

dσ2
t

E

[∥∥∥∥ t−1∑
τ=0

η(1− β1)β
t−τ−1
1√

v̂t + ϵ
⊙ g(Wτ , Bτ+1(Z))

∥∥∥∥2
2

]
+ 1

)
.

Then the upper bound is given by

EZ,WT
[Ru(WT , Z)−Rm(WT , Z)]

≤
T∑
t=1

d

2
log

(
1

dσ2
t

E

[∥∥∥∥ t−1∑
τ=0

η(1− β1)beta
t−τ−1
1√

v̂t + ϵ
⊙ g(Wτ , Bτ+1(Z))

∥∥∥∥2
2

]
+ 1

)
+ EZ,WT ,UT

[Rm(WT + UT , Z)−Rm(WT , Z)] .
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Appendix J. Proof of Proposition 11

Following the proof in Section F, we have∣∣∣EFi,Ui|Z̃=z̃,Sm+u=sm+u

[
g(Fi, Ui, Ỹi)

]∣∣∣ ≤ B
√
2I z̃,sm+u(Fi;Ui). (83)

Therefore, ∣∣∣ESm,SX
u ,W [R(W,Su)−R(W,Sm)]

∣∣∣
=

∣∣∣∣∣ESm,SX
u ,W

[
1

u

m+u∑
i=m+1

ℓ(W, (Xi, Yi))−
1

m

m∑
i=1

ℓ(W, (Xi, Yi))

]∣∣∣∣∣
=
∣∣ESm+uEZ,W |Sm+u

[Ru(W,Z)−Rm(W,Z)]
∣∣

=
∣∣∣ESm+uEZ̃,U,W |Sm+u

[Ru(W,Z)−Rm(W,Z)]
∣∣∣

≤ 1

m

m∑
i=1

ESm+uEZ̃|Sm+u

∣∣∣EW,U |Z̃,Sm+u

[
ℓ(W, Z̃i,Ui)− ℓ(W, Z̃i,1−Ui)

]∣∣∣
=

1

m

m∑
i=1

ESm+uEZ̃|Sm+u

∣∣∣EFi,Ui|Z̃,Sm+u

[
g(Fi, Ui, Ỹi)

]∣∣∣
≤B

m

m∑
i=1

E
Sm+u,Z̃

√
2ISm+u,Z̃(Fi;Ui).

(84)

Similarly we have∣∣∣ESm,SX
u ,W [R(W,Su)−R(W,Sm)]

∣∣∣ ≤ B

m

m∑
i=1

E
Sm+u,Z̃

√
2ISm+u,Z̃(Li;Ui),

∣∣∣ESm,SX
u ,W [R(W,Su)−R(W,Sm)]

∣∣∣ ≤ B

m

m∑
i=1

E
Sm+u,Z̃

√
2ISm+u,Z̃(∆i;Ui).

(85)

Appendix K. Experiment Details

Estimating the Expected Transductive Generalization Gaps and the Derived
Bounds. Notice that compute the accurate value of the expected transductive generaliza-
tion gap (and also the derived upper bounds) is not applicable since we need to run the
algorithm on (m + u)! partitions in total. Therefore we use Monte Carlo simulation to
estimate these expectations based on finite samples.

For semi-supervised learning, the sampling process are as follows: (i) randomly draw
t1 full samples set sm+u by each time sampling m + u images from the raw images set,
(ii) randomly draw t2 transductive supersamples z̃ based on Definition 7, (iii) randomly
draw t3 train/test split variables s and obtain the training and test samples set according
to Subsection 4.2. Notice that here we do not consider the randomness of U for the case
k ≥ 2. The reason is that U control the permutation of test samples, and the learning
algorithm we consider is independent of this permutation. Now we discuss the estimation
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Layer Type Parameter

Conv 16 filters, 3× 3 kernels, stride 1, padding 1, BatchNormalization, ReLU
Conv 32 filters, 3× 3 kernels, stride 1, padding 1, BatchNormalization, ReLU
Conv 32 filters, 3× 3 kernels, stride 1, padding 1

ConvShortcut 32 filters, 1× 1 kernels, stride 1, BatchNormalization, ReLU
Conv×6 32 filters, 3× 3 kernels, stride 1, padding 1, BatchNormalization, ReLU
Conv 64 filters, 3× 3 kernels, stride 1, padding 1, BatchNormalization, ReLU
Conv 64 filters, 3× 3 kernels, stride 1, padding 1

ConvShortcut 64 filters, 1× 1 kernels, stride 1, BatchNormalization, ReLU
Conv×6 64 filters, 3× 3 kernels, stride 1, padding 1, BatchNormalization, ReLU
Conv 128 filters, 3× 3 kernels, stride 1, padding 1, BatchNormalization, ReLU
Conv 128 filters, 3× 3 kernels, stride 1, padding 1

ConvShortcut 128 filters, 1× 1 kernels, stride 1, BatchNormalization, ReLU
Conv×6 128 filters, 3× 3 kernels, stride 1, padding 1, BatchNormalization, ReLU

FC 10 units, linear activation

Table 1: The architecture of the convolutional neural network used in CIFAR-10 classifica-
tion tasks. ×6 means repeating the layer for 6 times.

of transductive generalization gap and the upper bounds established in Corollary 6. Taking
Eq. (17) as an example, for each (sm+u, z̃) we use the mean value over t3 samples of S
to estimate the conditional term expectation term 1

m

∑m
i=1 EFi,Ui|z̃,sm+u

g(Fi, Si, ỹi). After

that we use t1t2 samples of Sm+u and Z̃ to estimate the expected generalization gap, whose
mean and standard deviation are shown in Figure. Similarly, we use a plug-in estimator
(Paninski, 2003) to estimate the disentangled mutual information Ism+u,z̃(Fi;Si) over the
t3 samples of S. Then the upper bounds in Proposition. (11) are estimated by the t1t2
samples of Sm+u and Z̃, whose mean and standard deviation are shown in Figure.

For transductive graph learning, the estimation process is generally follows that of semi-
supervised learning, expect that we do not need to consider the sample of Sm+u. Concretely,
the sampling process is only composed of (ii) and (iii). Accordingly, we use t2 samples of Z̃
to estimate the expected bounds and the conditional mutual information.

Network Architecture and Hyperparameter Setting. For semi-supervised learning,
the network architecture on MNIST and CIFAR-10 are presented in Table 1 of (Harutyunyan
et al., 2021) and Table 1 respectively. On both these two datasets, we set t1 = t2 = 2 and
t3 = 50. For transductive graph learning, the architecture of GAT and GPR-GNN follows
the settings in (Chien et al., 2021), and we set t2 = 5 and t3 = 50 for evaluation. We
adopt the released code 1 to generate the cSBMs datasets with n ∈ {500, 1000, 2000} and
ϕ ∈ {−0.5, 0.5}. The number of training nodes are defined by m := n

k for real-world graph
datasets, where n is the total number of nodes. To ensure that n can be evenly divided by
k, we set k = 2 for Cora and Actor, and k = 3 for CiteSeer and Chameleon.

1. https://github.com/jianhao2016/GPRGNN
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Olivier Bousquet and André Elisseeff. Stability and generalization. Journal of Machine
Learning Research, 2:499–526, 2002.

36



Information-Theoretic Generalization Bounds for Transductive Learning

Yuheng Bu, Shaofeng Zou, and Venugopal V. Veeravalli. Tightening mutual information-
based bounds on generalization error. IEEE Journal on Selected Areas in Information
Theory, 1(1):121–130, 2020.

Yuheng Bu, Gholamali Aminian, Laura Toni, Gregory W. Wornell, and Miguel Rodrigues.
Characterizing and understanding the generalization error of transfer learning with gibbs
algorithm. In Proceedings of the 25th International Conference on Artificial Intelligence
and Statistics, pages 8673–8699, 2022.

Olivier Catoni. Pac-bayesian supervised classification: The thermodynamics of statistical
learning. Institute of Mathematical Statistics Lecture Notes Monograph Series, 56:1–163,
2007.

Huiyuan Chen, Chin-Chia Michael Yeh, Yujie Fan, Yan Zheng, Junpeng Wang, Vivian Lai,
Mahashweta Das, and Hao Yang. Sharpness-aware graph collaborative filtering. In Pro-
ceedings of the 46th International ACM SIGIR Conference on Research and Development
in Information Retrieval, page 2369–2373, 2023.

Ming Chen, Zhewei Wei, Zengfeng Huang, Bolin Ding, and Yaliang Li. Simple and deep
graph convolutional networks. In Proceedings of the 37th International Conference on
Machine Learning, Proceedings of Machine Learning Research, pages 1725–1735, 2020.

Qi Chen, Changjian Shui, and Mario Marchand. Generalization bounds for meta-learning:
An information-theoretic analysis. In Advances in Neural Information Processing Sys-
tems, 2021.

Eli Chien, Jianhao Peng, Pan Li, and Olgica Milenkovic. Adaptive universal generalized
pagerank graph neural network. In International Conference on Learning Representa-
tions, 2021.

Eugenio Clerico, Amitis Shidani, George Deligiannidis, and Arnaud Doucet. Chained gener-
alisation bounds. In Proceedings of 35th Conference on Learning Theory, pages 4212–4257,
2022.

Weilin Cong, Morteza Ramezani, and Mehrdad Mahdavi. On provable benefits of depth
in training graph convolutional networks. In Advances in Neural Information Processing
Systems, 2021.

Corinna Cortes and Mehryar Mohri. On transductive regression. In Advances in Neural
Information Processing Systems, pages 305–312, 2006.

Corinna Cortes, Mehryar Mohri, Dmitry Pechyony, and Ashish Rastogi. Stability of trans-
ductive regression algorithms. In Proceedings of the 25th International Conference on
Machine Learning, page 176–183, 2008.

Jaydeep De, Xiaowei Zhang, Feng Lin, and Li Cheng. Transduction on directed graphs via
absorbing random walks. IEEE Transactions on Pattern Analysis and Machine Intelli-
gence, 40(7):1770–1784, 2018.

37



Tang and Liu

Leyan Deng, Defu Lian, Chenwang Wu, and Enhong Chen. Graph convolution network
based recommender systems: Learning guarantee and item mixture powered strategy. In
Advances in Neural Information Processing Systems, 2022.

Philip Derbeko, Ran El-Yaniv, and Ron Meir. Explicit learning curves for transduction and
application to clustering and compression algorithms. Journal of Artificial Intelligence
Research, 22:117–142, 2004.

Yash Deshpande, Subhabrata Sen, Andrea Montanari, and Elchanan Mossel. Contextual
stochastic block models. In Advances in Neural Information Processing Systems, pages
8590–8602, 2018.

John Duchi, Elad Hazan, and Yoram Singer. Adaptive subgradient methods for online
learning and stochastic optimization. Journal of Machine Learning Research, 12(61):
2121–2159, 2011.

Gintare Karolina Dziugaite and Daniel M. Roy. Computing nonvacuous generalization
bounds for deep (stochastic) neural networks with many more parameters than training
data. In Uncertainty in Artificial Intelligence, 2017.

Ran El-Yaniv and Dmitry Pechyony. Stable transductive learning. In Conference on Learn-
ing Theory, pages 35–49, 2006.

Ran El-Yaniv and Dmitry Pechyony. Transductive rademacher complexity and its applica-
tions. In Conference on Learning Theory, pages 157–171, 2007.

Amedeo Roberto Esposito, Michael Gastpar, and Ibrahim Issa. Generalization error bounds
via rényi-, f-divergences and maximal leakage. IEEE Transactions on Information Theory,
67(8):4986–5004, 2021.

Pascal Mattia Esser, Leena C. Vankadara, and Debarghya Ghoshdastidar. Learning theory
can (sometimes) explain generalisation in graph neural networks. In Advances in Neural
Information Processing Systems, pages 27043–27056, 2021.

Pierre Foret, Ariel Kleiner, Hossein Mobahi, and Behnam Neyshabur. Sharpness-aware
minimization for efficiently improving generalization. In International Conference on
Learning Representations, 2021.
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